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ABSTRACT. We exhibit a class of probability measures on R” such that the
associated Dirichlet form is represented by a selfadjoint operator 4 and
such that e~* is a hypercontractive semigroup of operators. The measures
are of the form du = Q2 dx where @ has classical first derivatives and L?
second derivatives, p determined by 7.

1. Introduction. Given a probability measure p on R”, we have an
associated Dirichlet form

h(u,v)=fm Vu- Vo dp.

For Gauss measure, dv = (2m)~"/2%e=*/2dx, it is well known that the
selfadjoint operator Au = — Au + x - Vu associated with the Dirichlet form
generates a hypercontractive semigroup on the spaces L’(R”, dv), 1 < p < o
(see e.g. [7] or [11]).

L. Gross [4] developed a relationship between logarithmic Sobolev inequali-
ties for a positive selfadjoint operator 4 and hypercontractivity of the
semigroup e~ “. J.-P. Eckmann [2] used this relationship to prove hyper-
contractivity for a class of measures of the form du = Q? dx where € is
strictly positive, spherically symmetric, and C* away from the origin.

Eckmann gave conditions on a potential ¥ which guarantee that —A + V
is a positive selfadjoint operator on L%R", dx) which has a strictly positive
eigenfunction © (taken to be normalized) corresponding to the eigenvalue 0.
For such a function £, multiplication by ©~! is a unitary map from
L*(R", dx) to the probability space L>R", Q? dx). He showed that —A + V'
corresponds via the map Q7' to a selfadjoint operator 4 on L%(R", 22 dx)
associated with the Dirichlet form, and that 4 generates a hypercontractive
semigroup.

Instead of imposing conditions on potentials in order to produce measures,
we have chosen to examine, in general, properties of a measure which imply
hypercontractivity. The purpose of this paper is (i) to determine conditions on
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238 J. G. HOOTON

a probability measure p on R” which guarantee existence of a selfadjoint
Dirichlet operator associated with the Dirichlet form and (ii) to determine
additional conditions which guarantee the hypercontractivity of e ~“.

In §2, we fix a natural domain Dom(k) for the Dirichlet form 4, and show
that for measures of the form du = Q2 dx where £ is a continuous nonnega-
tive function with L? first derivatives, an associated operator exists on
Dom(h), namely
VQ - Vu
—g
If H is essentially selfadjoint on Dom(h), then H is a positive selfadjoint
operator whose behavior is determined by the behavior of A.

Suppose dp = Q? dx where Q is C! with L2 second derivatives. Under the
unitary map £, H is transformed into the operator

S¢=—A¢+%—;—2-¢

Hu= —Au -2

for ¢ € & Dom(h) c L%R", dx). We have chosen Dom(k) so that @ Dom(k)
O Cg°(R"), hence S is a perturbation of —A on the domain C;°(R"). Using
standard results about perturbations of —A, we can impose conditions on
AQ/Q so that S is essentially selfadjoint on £ Dom(k), in which case H is
essentially selfadjoint on Dom(h).

Given a positive selfadjoint operator 4, the semigroup e ~“ is automati-
cally positivity preserving and L?-contractive, as is shown in §3. Theorem 4.5
generalizes Gross’ Theorem 6 in [4] which indicates that if the operator 4
satisfies a given logarithmic Sobolev inequality, then e ~* is hypercontractive.

Finally, in §5, we place additional conditions on the measures discussed in
§2, exhibiting a class of measures which satisfy the conditions of Theorem
4.5. We do not impose additional differentiability conditions on &, thereby
showing that the C* condition used by Eckmann [2] is more restrictive than

necessary.
2. Essential selfadjointness of the associated operator. We begin with stan-
dard definitions from the theory of distributions. We denote by D(R") =

Cs°(R™) the set of infinitely differentiable functions with compact support in
R”, and by D’(R"™) the set of distributions on R”. A multi-index is a vector

a = (ay, . . ., a,) whose entries are nonnegative integers. For f € 9D’(R"), we
write
alelf _
D‘ff— m where |a| = igl a;.
We also write
o _ F _

ax ¥ Axdx; = Juy
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when convenient. All derivatives are taken in the weak (%)’(R")) sense. We
note that for a sufficiently differential function f, the weak derivative Df is
the classical derivative. The gradient of f, denoted Vf, is defined by Vf =
(fp - - - » £,); the Laplacian, denoted Af, is defined by

= xgl fxr

For a measure p on R?, L?(R", dp) represents the standard L? space with
respect to p. LY (R”, dp) is the set of all functions f such that f € L?(K, du)
for all compact sets K C R”. Lebesgue measure on R" is represented by dx.

Consider a probability measure p on R” and set 3 = L*R", du). For u,
v € I, the inner product is written

U, vy, = | uddu.
< >d,‘ j; . n
DEerFINITION. We define the Dirichlet form h by
h(u, v) =f Vu- Vo du
Rll

with domain Dom(k) = {# € C'(R") such that D is bounded for |a| < 1
and D% € I for |a| = 2}.

DEFINITION. We say that A is represented by a Dirichlet operator H if there
exists on JC an operator H with Dom(H) D Dom(h) such that

h(u, v) = (Hu, v)4,

for all u, v € Dom(h). We sometimes refer to H as the operator associated
with the Dirichlet form h.

We suppose now that p is a measure on R” such that du = Q? dx where Q
satisfies

e CR"),2>00nR"

(ii) D*Q € L*(R", dx), |a| < 1,

(iii) fg-R?dx = 1.
For u € Dom(k), we have u 2> € CR") N L'(R", dx) and (4,2, = u @
+2u Q0 € L'R", dx) fori =1,...,n. Hence for v € C'(R") such that
D% is bounded for |a] < 1, it follows, by doing a standard integration by
parts calculation using distribution theory, that

Vu- Vo @ dx =f (- (Aw)Q? — 2(VQ - Vu)Q)5 dx
R" R"

vVQ - Vu
= Ay — 22—
N 5

where we adapt the convention that VQ(x)/€ = 0 if @(x) = 0. In particular,
the Dirichlet form 4 on L*(R", dp) is represented by

)Eﬂzdx
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Hu = —Au-2(VQ - Vu)/Q
with Dom(H) taken to be Dom(A).

An essential part of the above integration by parts calculation consists in a
product rule for distributions, namely for f, g € C(R") such that f €
L*(R" dx), 1 < p < o0, or f, € L°R") N C(R") and g, € L R", dx), we
have

(fg)xl = fgx, + fx,g’

We will encounter similar integration by parts and product rule calculations
throughout this paper.

ReMARrk. Henceforth 7 will represent the Dirichlet form for the measure
considered and H the associated operator on IC = L%(R", du). We set once
and for all Dom(k) = Dom(H) = {u € C'(R") such that D°u is bounded for
|a] < 1and D% € I for |a| = 2}.

REMARK. We will see shortly that our choice of Dom(#) is useful in proving
essential selfadjointness of the associated operator H for a wide class of
measures. We have tried to restrict second derivatives as little as possible
while still obtaining H as a map from Dom(k) into IC. Gross [4] and
Eckmann [2] used as domain for the Dirichlet form {# € C%R") such that
D*°u is bounded for |a| < 2}. This domain is too restrictive for measures
which are less smooth than those which they considered. It will become
evident that the results of Gross and Eckmann hold on our larger domain.

REeMARK. It does not seem as if u can be much more singular and have a
Dirichlet form represented in our sense by an operator. For example, if a
measure on R! is not absolutely continuous with respect to Lebesgue
measure, then it can be shown that the Dirichlet form is not closable. An
associated operator would necessarily be symmetric and hence could only
represent a closable form. Or if du = @ dx where @ is not continuous, then
the domain Dom(H) must be adjusted to accommodate the discontinuities, a
task which will not be undertaken in this paper.

In determining whether the operator H is essentially selfadjoint, it will be
advantageous to consider multiplication by € as inducing an isomorphism of
the spaces IC = L(R", Q? dx) with L%(R", dx). For @ suitably restricted,
S =QHQ ! is a well-known operator on L%R", dx). By appealing to the
essential selfadjointness of S and applying the isomorphism £, we will show
that H is essentially selfadjoint.

LEMMA 2.1. Suppose du = Q* dx where
()2 € C'R"), 2 > 0on R,

(i) D*Q € LXR", dx) for |a| < 2,
(i) [ @ dx = 1.
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Then for all y € @ Dom(H) = {Qu: u € Dom(H)}, we have SY = — Ay +
VY where

v o [A2/2 #2*0,
1o if2=0.

PROOF. Suppose § = Qu, ¥ € Dom(H). Then y,, = Q,u + Qu,_ and ¢, , =
Q4 +2Q.u + Qu, . Ayisin L(R", dx) and we calculate

S(¥) = Q(Hu) = -9 2‘,} U, —2 z} u,Q, = —Ay + W

Hence the lemma follows.

H is positive (hence symmetric) on its domain so that it certainly has a
selfadjoint extension, namely its Friedrich’s extension. If H is essentially
selfadjoint, i.e. if the operator closure of H (denoted H) is selfadjoint, then
the behavior of the Dirichlet form on the natural domain Dom(k) uniquely
determines the behavior of the selfadjoint extension.

ReMARK. For the remainder of this paper we will assume that Q(x) > 0 for
all x € R”. It should be mentioned that there are examples of measures with
supports other than R” such that the associated operator is essentially
selfadjoint on Dom(#), but the proofs do not fit into the general theory which
we are presenting here.

THEOREM 2.2. Suppose dp. = Q* dx where

() Q2 € C'®"), Ax) > 0 for all x € R,

(i) D°Q € L*R", dx), |a| < 2,

(iii) fpe@2%dx =1,

(v) V™~ = — min(0, V) € LP(R", dx) + L*(R") for somep > 2,p > n/2.

Then H is essentially selfadjoint on Dom(H) = {u € C'(R") such that D
is bounded for |a| < 1 and D € XK for |a| = 2}.

ProoF. If we define Dom(S) = C;°(R"), then S is essentially selfadjoint by
a theorem of Kato [6] which states that if ¥+ = max(V, 0) € L2 (R", dx)
and ¥V~ € LP(R", dx), p as above, then —A + V is essentially selfadjoint on
Cs°(R™). We have '+ € L2 (R") since L is locally bounded away from zero.

LeMMA 2.3. With Dom(S) = C5°(R"),

2 'Dom(S) c Dom(H ) c @~ 'Dom(S5)
or equivalently,

Dom(S) c € Dom(H ) c Dom(S )

where S represents the operator closure of S.
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Proor. First inclusion. For ¢ € C°(R"), u=9Q7YY, we have u, =
-0y + 9 ‘\[/x which is bounded and continuous. And u,, =
20° 3(9 YW -7, ¢ —207%Q, ¢, + Q7 Y, whichisin 3.

Second inclusion. For u € Dom(H), y = Qu, we showed in the proof of
Lemma 2.1 that ¢ has continuous first derivatives and second derivatives in
L*[R", dx). y is thus in the domain of the closed operator —A. And ¥ is in the
domain of the operator ¥ = VI, where I is the identity operator, since

(A2/Q)y = (AQ)u € LY(R", dx).
Thus ¢ € Dom(—A) N Dom(¥) c Dom(S).

REMARK. Given Gross’ and Eckmann’s domain for the Dirichlet operator
H, this lemma would not hold.

To complete the proof of the theorem, we note that since £ is an isomor-
phism of Hilbert spaces, H is essentially selfadjoint on 2~ 'Dom(S). Since H
is symmetric on the larger subspace Dom(H), it is a standard result that H is
essentially selfadjoint on Dom(H).

ReEMARK. Condition (iii) is satisfied, for example, by any & such that
AQ > 0 for |x| > R and AQ € LP({x such that |x| < R}, dx). (iii) is a
technical condition, used to insure the selfadjointness of S. Given a better
perturbation theorem, condition (iii) might be weakened.

REMARK. A Dirichlet operator is positive, hence has an operator closure H,
a closed symmetric operator. In turn, A has a form closure k. It is easy to
show that 4 = h, where  is the closure of the Dirichlet form. In particular, if
the Dirichlet form A can be represented by an operator, then 4 is closable.

Moreover, by the representation theorem for closed positive forms (see for
example Theorem VI-(2.1) in [5]), & is represented by a selfadjomt operator
A. If H is itself selfadjoint, then it is easy to show that H=H

ReMARK. The proof of Theorem 2.2 relies on standard results concerning
perturbations of — A on its natural domain C;°(R"). For a more singular &, H
no longer corresponds to a perturbation of —A on its natural domain. It can
be shown on R! that the introduction of a simple jump into £’ does not affect
the essential selfadjointness of H, but the proof is rather involved. As an
example, however, it is not hard to show essential selfadjointness of the
Dirichlet operator associated with the measure du = Q2 dx, x) = e, on
R

3. LP-contractive semigroups. In this section, we see that a selfadjoint
operator associated with the Dirichlet form on a probability space generates a
positivity preserving, L?-contractive semigroup. In §4 we will discuss addi-
tional conditions on the measure so that the operator generates a hyper-
contractive semigroup.

A set of operators {T,},¢q, o) O0 @2 Banach space X is called a contraction
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semigroup if T,,, = T,T, and ||T,|| < 1 for s, ¢t € [0, ), where || - || repre-
sents the operator norm. The infinitesimal generator 4 of the semigroup is
defined by
T(x) — x)
t

with domain consisting of all x such that the limit exists. 4 is a closed
operator. We adopt the notation 7, = e~ “.

It is a standard result that a positive selfadjoint operator A on a Hilbert
space I is the generator of a (uniquely determined) contraction semigroup
on JC.

We say that a contraction semigroup {e~“} on L*(R", dp) is LP-contrac-
tive if |le~*f||, < || f]|, forall f € L?*R", du) N L?(R", dp), 1 < p < 0. Itis
clear then that {e~*} is a contraction semigroup on L?(R", dp) for p > 2
and that {e~ ¥} is a contraction semigroup on LP(R", du) for p < 2, the
closure taken in L”. It is easy to show that the generator of the semigroup is
A| s 4 fOr p > 2, and the closure of 4 in LP(R", dp) forp < 2.

An operator A on a space LP(R", du) is called positivity preserving if A(f)
is positive whenever f is positive. A semigroup e~ “, ¢ € [0, o0), is called
positivity preserving if e ~“ is positivity preserving for each ¢.

A(x) = st-lim (
t—0

PROPOSITION 3.1. Suppose du = Q* dx is a probability measure on R" where
Q is a continuous, strictly positive function. If the Dirichlet form h can be
represented by an essentially selfadjoint operator H with Dom(H) = {u €
C'R") such that D®u is bounded for |a| < 1, D% € K for |a] = 2}, then
{e - }te(0.) IS @ positivity preserving semigroup of operators.

Proor. Throughout the proof, we write (-, -> = (-, >, and h(x) =
h(u, u).

The first Beurling-Deny criterion (see Beurling, Deny [1] or Theorem
XIIL.50 in [9]) gives several conditions on a positive selfadjoint operator A on
a Hilbert space € = L%(R", du) which are equivalent to e ~“ being positivity
preserving for all ¢+ > 0. We show that H satisfies one of these conditions,
namely: e~ ¥ is reality preserving and

h(u,) + h(u_) <h(u) (1)
for all real valued u in the domain of the form A associated with H, where
u (x) = max(u(x), 0) and u_(x) = u (x) — u(x).

For convenience, we write A = H. We let Q(A4) denote the form domain of
A and note that Q(4) = Dom(h): Dom(h) is the closure of Dom(k) with
respect to the norm ||u||, = (||| + h(u))"/% Equivalently, Q(A) is the closure
of Dom(H) = Dom(k) with respect to the norm ||u|l, = (Jlu]* + {Hu, u))'/?
= |lullp
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LeMMA 3.2. Given the conditions of Proposition 3.1, e~ is reality preserving
fort > 0.

Proor. For u, v € Dom(H),

{Hi, v) =f1v Vu- Vo dp = (Hu, oy = (Hu, v).

Since conjugation is a continuous function, we have A =Au for all u €
Dom(A). Next, for v € € and A > 0, let u = (4 + A)~'v (A € p(4)). Thus
v=(4A+Nuand o = (4 + N)i, so
A+N"o=U+N"To. ?)
Finally, for v € 9C, ¢t > 0, we have
e “p = lim (l -L A)- 0.
m

m—o0

It follows from (2) that e =% = e ~“lv. Hence e ~“ is reality preserving.

CONTINUATION OF PROOF OF PROPOSITION 3.1. The remainder of the proof
consists of showing that A(|u|) < A(u) for real valued u € Q(4), from which
equation (1) will follow. To this end, it is instructive to characterize the
elements of Q(A).

Since @ is continuous and strictly positive, 3¢ c L} (R", dx). Thus u €
Q(4) has weak derivatives u,,...,u,. We show that u, € I for i=
1,...,n. Since u € Q(A), there exist ¥, € Dom(H) such that |ju, — u]| >0
and h(y, — u;) >0as k,j — co. Hence

f (), — (), P dp—0 fori=1,...,n
Rﬂ

so that {(x), } is Cauchy in 3C. Thus {(%),} — o, in ¥ and it is a standard
distribution theory result thaty, = u, fori =1,...,n.
In fact,

hl(u,o)=fmvu-% dp

with Dom(k;) = {u € J such thatu, € I(, i =1,..., n} is a closed posi-
tive form and h, D h. By the representation theorem for closed positive
forms, there exists a selfadjoint operator 4, which represents A,. Since
A, D A, we have A, = A and thus h, = h. Hence Q(4) = {u € I such that
u, € X,i=1,...,n}andforu € O(4),

h(u) = fk |Vl du.

Next, for real valued u € Q(A4), we approximate |#| by elements f,(u) €
Q(4) such that h(f,(w) < h(u). This will lead us to the desired result,
h(lu]) < h(u).
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Consider on R

— | eY* forx <0,

n(x) {0 forx > 0,
g(x) = 9(x* - 1)

and finally

o(x) = g(x)/ f., g(x) dx.

Then ¢(x) is an approximate identity on R which is symmetric with respect to
the origin.

We let flx) =|x| on R and f,(x) = @, * (x) = [g Pu(x — VI(¥) B
where @,,(x) = mp(mx), m € Z*, and = represents convolution, defined as
shown. The following properties are easily verified (see Figure 1).

O | £, < |x| + 1/m, |f,] < 1,fis bounded form € Z*.

(ii) f,, — f uniformly on R; in fact f,,(x) = |x] for |x| > 1/m.

(i) | £y ()] > |fo()] for x € R, m € Z*.

fn(X)

3=
31—+

FIGURE 1

LemMMA 3.3. For u € Q(A), u real valued, and m € Z*, we have f,(u) €
0(A) and

R(fn@) = [ () ’(V0)" di

PrOOF. Suppose u € Dom(H), u real valued. Then f,(«) is continuous and
[fa(@)] < |u| + 1/m.Fori=1,...,n,(f,(), = f,(#)u, is continuous and
bounded since |f,| < 1. Also, (f,(¥),, = f,;,'(u)(ux‘)2 + fu(Wu,, is in X
since f,, is bounded. Hence f,,(%) is in Dom(H).

For u € Q(A), u real valued, f,(«) is in IC since |f,(¥)| < |u| + 1/m. We
show now that for i = 1,..., n, (f,(4)), = fn(1)u,, which is in 3C since
|fm| < 1. There exist u, € Dom(H) such that ||u, — u|| —0 and ||(%), —
ull>0as k—>o0,i=1,...,n We may, and do, assume that u, is real
valued for k € Z*. || £,() — £, ()| < |lu, — u|)* since |f,| < 1 so that

X,
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fm(uk) _)fm(u) m SC' AlSO,
[RCACH BT ACPAE"

R"

< Jo Vil ), = ] o+ [ 1) = S ()] ] s

< (fw (e )s, = ug? d")'/z + M(fm e — uf? dp)l/z(L" " d“)l/z

-0
as k — oo where M is a bound for f,,. Hence we have (f,(v), = f,(Wu,
since f,(4,) = f,(#) and (f,(4));, = fm(@)u, in L (R, dx). Thus f,(u) €
Q(A) and the lemma follows.
LEMMA 3.4. If u € Q(A), u real valued, then |u| € Q(A) and h(|u) < h(u).

ProOF. Fix u € Q(A4), u real valued, and define &m) = h(f,(u)) for
m € Z*. Since |f,| < 1, &§(m) < h(u), and since (f,,,,)'(¥) > fo(u), §m + 1)
> £(m) for m € Z*. Hence {{(m)} is an increasing bounded sequence which
has a limit L < A(u).

We have || f,,(¥) — |u| || = O since f,, — | - | uniformly. It suffices to show
h(f,(4) — f,(w)) — O, which implies that |u| € Q(4) and A(|u]) = L.

If u(x) > 0 and m > k, then f,(u) > fi(u) > 0, 2(fi(w))* — 2f,(W)fi(u) <
0, and finally,

(fe() = fn(@))* < (fn(@))" = (S (@) 3)
If u(x) < 0 and m > k, then f,(u) < fi(u) < 0 and similarly (3) holds. Hence
form ke Z?,

(f() = £ < 1(fa(@))? = (F ).
But now

R(w) = () = [ 1VuP() = S5 da

< [ IVl (0) = (@) du—0 a5 m, koo

since £(m) is a Cauchy sequence. Hence the lemma is proved.
CONCLUSION OF PROOF OF PRroPosITION 3.1. Finally, for u € Q(4), u real
valued, u, = (|u|/2) + u/2and u_ = (|u|/2) — u/2 are in Q(4) and

R(u,) + R(u) =4 E(u)) + 20 (ul, w) + 20 (w)
+ 4R (ul) = 1R (lul, ) +3h(x)
< LR (lul) +3E () < R(u).

Hence the proof is complete.
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THEOREM 3.5. Given the condition of Proposition 3.1, {e"ﬁ } is an LP-con-
tractive semigroup which is strongly continuous for 1 < p < oo.

PROOF. We note that since H(1) = 0, then e~*#(1) = 1. The theorem now
follows from Theorem X.55 in [8] which states that if 4 is a positive
selfadjoint operator on L%[R", du), pn a probability measure, and if e~ is
positivity preserving with e /(1) = 1, then e ~* is LP-contractive and, more-
over, the semigroup is strongly continuous for 1 < p < co.

4. Sobolev generators and hypercontractivity. Suppose that A is a positive
selfadjoint operator on L%[R", du) where p is a probability measure. We say
that e~* is a hypercontractive semigroup on the spaces L’(R", du), 1 < p <
o, if e~ is an LP-contractive semigroup and if there exist constants b > 2,
t, > 0 and C such that

lle™**llps < C

where || - represents the norm of an operator from LP(R" dp) to

LYR", dp).
We note that if e~ is a hypercontractive semigroup, then for p, ¢ €
(1, 00), there exist constants £,, > 0 and C such thatif ¢t > Z,,» then

-
lle™ 1, < Cpp-

This is shown, for example, in [8].

There is a useful relationship between hypercontractivity and logarithmic
Sobolev inequalities. We begin with definitions, taken from [4].

For u complex valued and p € (1, ), we define u, = (sgn u)|ul’~,
uflul fus0,
0 ifu=0.
For a probability space (R”, u) and p € (1, o), we call a closed operator A
on LP(R", du) a Sobolev generator of index p if it is the generator of a
strongly continuous semigroup e~ “ on LP(R", du) and if for some real
constants ¢ > 0 and y we have

Jo 14 1nlud di < ¢ Re<(A + )us > + [ulf Inful, @)

for all u € Dom(A), where

1/p
{u, v) =j;”ut‘>d;.¢ and |||, = (Ln Iul’dp) .

We say that c is the Sobolev coefficient and vy is the local norm for A4.
Suppose 1 < a < b < oo, r € (a, b), and that e~ is a strongly continuous
semigroup on L"(R", du) whose restriction to L? if p > r or closure in L?” if
p <r is strongly continuous in L? for all p € (a, b). We say that 4 is a
Sobolev generator on (a, b) if there are continuous functions ¢(-) > 0 and

llp.q

sgnu={
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v¥(:) on (a, b) such that for all p € (a, b), the generator in L? of the
semigroup e~ is a Sobolev generator of index p with Sobolev coefficient
¢(p) and local norm y(p).

THEOREM 4.1. Suppose p is a probability measure on R". Suppose the
Dirichlet form h can be represented by an essentially selfadjoint operator H with
Dom(h) = Dom(H) = {u € C'(R") such that D°u is bounded for |a| < 1 and
D°u € ¥ = L¥R", dy) for |a| = 2}. If {7}, c10.0) i a positivity preserving
semigroup and if there exist constants ¢ > 0 and § such that

Jo, luPiole diu < c [ 1Vul s + Bl + 8l )

for all u € Dom(H), then H is a Sobolev generator on [2, o).

REMARK. As in Theorem 3.5, it follows immediately that {e~*#} is an
LP-contractive semigroup which is strongly continuous for 1 < p < oo.

The proof proceeds as a sequence of lemmas. We set D, = {u € C'(R")
such that D° is bounded for |a| < 1}.

LeMMA 4.2. For u € D,, u real valued, and p > 2, we have |u|P/?, u, ED,
and
2
2/2\\2 4y = (r/2) .
fn'- (V(1«l?’®)" dp =T L" Vu- Vu, dp.

ProOF. For u € D,, u real valued, p > 2, we have

/2 = { ur/? when u(x) > 0,
(-u)’* whenu(x) <0,

and
(p/2)u®=2/2y when u(x) > 0,
(|“|p/2)x. = :-2)/2
- (p/2)(—u) u, whenu(x) <0,
fori=1,...,n. Setting (Ju[”/?), = 0 when u(x) = 0 and using a straight-
forward mean value argument, we see that |u]?/? € D,.
Similarly,
v = { ur! when u(x) > 0,
? —(—u)’”!' whenu(x) <0,
and

() (p— D2, when u(x) > 0,
Wl T (p — D(—uy""u, whenu(x) <0.
Setting (1,),, = 0 when u(x) = 0, we see thatu, € D, forp > 2.
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Finally,

-
n

2
2 igl (%) wHu ), u(x)>0,

p/2 = b
(V(1ul?7%)) S (%)2(_,4)4"2 ux')z, u(x) <0,

=

0, u(x) =0,

2
= ————(ppiz)l (Vu- Vu,).

The lemma follows.

Lemma 4.3. For u € Dom(H ), u real valued, and p > 2, we have

4

? P . » 20 e
S bt ol dp < 5 [V V(o) d ), +

_¢c p 28
=3 27 CHuwd + Julf nllul, + =2 July. (6)

REMARK. Note that for u real valued, equation (6) is the same as (4) with

Sobolev coefficient (¢ /2)(p/(p — 1)) and local norm 48(p — 1)/ cp?.
Proor. The proof that

fw Vu- V(w,) du = (Hu, u)

is a straightforward integration by parts calculation similar to the one
described in §2.

It is easy to show that D, C Q(H). So for u € D,, there exists {1} C
Dom(H) such thatfori =1, ..., n, |l — u|; — 0 and ||(%), — », || =>0as
k — 0. Setting

2 2 2
g =c [ 1Vuf dp + gl Il + Sllul

a=c [ 1Vul du+ ulfinllul; + 8llul}

we see that g, — a as k — oo since x?In x is continuous on [0, o) (here
x? In x is defined to be 0 if x = 0).
We set

b= [ 1ol tnlu] s

Since (5) holds for #, and since x In x > — 1 for x € [0, ), it follows that
— 1< b, <a for k €Z*. Hence {b,} has a subsequence converging to b
where ~1 < b < a. We assume without loss of generality that the entire
sequence converges to b.
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Since #, — u in J(, some subsequence converges to u almost everywhere.
We assume that the sequence converges almost everywhere to u. Using
Fatou’s lemma for |w|lnju,| + 1 > 0, we have

f [uP tnju| dp + 1 < lim f(luklzlnlu,‘|+l)dp
R” koo “R*

=b+1<a+l
Hence for u € 9,, (5) holds.
For u € Dom(H), u real valued, p > 2 we have |u[’/2 € D,. Substituting
|u|P/? into (5), then (6) follows.

LEMMA 4.4. For p > 2, we define Dom,(H) = {(u € Dom(H) such that
Hu € LP(R", dp)}. H is clﬁs'able on Dom,(H) as an operator on L?(R", dp).
For p > 2, we den_gte by H, the p closure of H. Then (6) holds for all real
valued u € Dom(H,), p > 2.

PrOOF. Suppose {u} C Dom,(H), p > 2, and u, —0, Hy — o in
L?(R", dy). Since LP(R", du) is continuously imbedded in IC, », -0 and
Hu, —» v in JC. But H is closable on J(, so v = 0. Hence H is closable on
Dom,(H) as an operator on LP(R", dp).

Suppose u € Dom(H,), p > 2, and u is real valued. There exist u, real
valueiin Dom,(H) such that ||u, — u||, — 0 and || Hy, — H,u||, — 0. We set
w = Hu.

For g=p/(p— 1), v—> v, is a homeomorphism from LP(R", dp) to
L4R", du). Thus

KH“k’ (uk)p> - <{w, “p>|
< [KHu, (uk)p> — {Hu, “p>| + |{Huy, up> = <w, “p>|
< | Hu ||, I(w), = w,ll, + || Hu — wil,llu,ll, >0 ask— oo.

Hence

c p 28
5 oo CHu () + Nl Wl + = ol

> % L H ) + i Inlul, + 2l ask > oo.
The lemma follows similarly as in the proof of Lemma 4.3.

PRrOOF OF THEOREM 4.1. Corollary 2.1 in [4] states that if H is a Sobolev
generator on (a, b) with the exception that (6) holds only for nonnegative
u € Dom(f,), p € (a, b), and if e~*F is positivity preserving, then H is a
Sobolev generator on (g, b) and (6) holds for all ¥ € Dom(H,). Hence the
theorem follows.

Theorem 1 in [4] states the following: let 4 be a Sobolev generator on (a, b)
with Sobolev coefficient function ¢(-) and local norm function y(-). For each
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q € (a, b) let p(t, q) be the solution of the initial value problem

c(p) —37’ =p, p(0,g)=¢q, >0,

and let

t
M(t, q) = [ v(p(s, 9)) ds.
(i
p(t, g) and M(1, q) are both defined as long as p(¢, g) < b. Then

—a M
lle™lgpeeay < €MC2.

We use this theorem, which can easily be extended to apply to a Sobolev
generator on an interval of the form [a, b), to prove the following theorem on
hypercontractivity.

THEOREM 4.5. Suppose du = Q? dx is a probability measure on R where Q is
a strictly positive function. Suppose the Dirichlet form h can be represented by
an essentially selfadjoint operator H with Dom(h) = Dom(H) = {u € C'(R")
such that D*®u is bounded for |a| < 1 and D°u € I = L*R", dy) for |a| = 2}.
If there exist constants ¢ > 0 and & such that

[ P imuldp <c [ |Vl du+ flul inllull, + 8lul}
R" R"

for all u € Dom(H), then H generates a hypercontractive semigroup on the
spaces LP(R”, dp), 1 < p < o0.

PROOF. By Theorem 3.5, {¢~*#} is an L?-contractive semigroup. Consider
Theorem 1 in [4] with

) =5 2y wp =TT,

The solution of
2 -

c(p) dt =D P(o) = 2:
increases without bound as ¢z — oo. In particular, there exists ¢, such that
p(t;) = 4. Also,

2
M(t,2) = [*¥(p(s)) ds < o

so that

lle™"H]l,, < e < co.

COROLLARY 4.6. Given the conditions of Theorem 3.5, H is a Sobolev
generator on (1, ).
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Proor. It is shown in [4] that the generator of a hypercontractive semi-
group is a Sobolev generator on (1, o).

REMARK. The results of this section generalize the domain requirements of
Theorem 6 in [4]. An examination of the proofs of Theorems 4.1 and 4.5 will
reveal that the theorems are valid on the more restrictive domain Dom(h) =
Dom(H) = {u € C*®R") such that D is bounded for |a| < 2} used in [4].

S. Logarithmic Sobolev inequalities. We develop in this section conditions
on a probability measure so that the conditions of Theorem 4.5 are satisfied,
in which case a hypercontractive semigroup is generated.

We define 9N to be the set of all measures p on R” such that dp = 9 dx
where Q satisfies

(i) & € C'R"), Qx) > Oforall x € R",

(ii) D*Q € L*R", dx) for |a| < 2,

(i) fpe* dx =1,

(iv) Vv~ € LP(R", dx) where V = AQ/Q for somep > 2,p >n/2,

(v) € is bounded,

i) x,2 € L’R", dx),i=1,...,n,

(vii) there exist constants ¢ > 1 and B such that (¢cV +In 2 — B)” €
L?(R", dx) for somep > 2,p > n/2.

ReMark. Conditions (vi) and (vii) are decay conditions. The latter can be
satisfied, for example, by requiring ¢V + In Q2 > B for |[x| >R and ¥V €
LP({x such that |x| < R}), which is essentially the same as the decay
condition in [2].

For p € 9N, we set 3 = L¥R", dy) with inner product (-, -),, and
norm || - ||. We set
VQ - Vu

Q
for u, v € Dom(h) = Dom(H) = {u € C'(R) such that D is bounded for
|a| < 1and D% € I for |a| = 2}.

We see from §2 that H is an essentially selfadjoint operator which repre-
sents the Dirichlet form h. By Theorem 3.5, H is the generator of an
L?-contractive semigroup. The additional conditions (v), (vi) and (vii) will
insure that H generates a hypercontractive semigroup.

h(u,o)=Lqu-V_vdp, Hu= —Au -2

THEOREM 5.1. For u € Dom(H), there exists 8 such that

Jo NP ol e < c [ IVul i+l Inlal + Sl (7)

Hence H is the gemerator of a hypercontractive semigroup on the spaces
LP(R", dp), 1 < p < oo.

The proof follows as a sequence of lemmas.



DIRICHLET FORMS WITH HYPERCONTRACTIVE SEMIGROUPS 253
LEMMA 5.2. For u € Dom(H), ¢ = Qu, f = ye*/* = Que*"/*, we have

Qm)~"? fm |f1? n| fle=%72 dx < 2m)~"/? fn VP e ax

+3Cn) [ |fFe 7 ax tal@a) [ 1P e dx). @)
R" R
Proor. Equation (8) is Gross’ logarithmic Sobolev inequality for Gauss
measure (Corollary 4.2 in [4]) which requires only that f have weak gradient
in LP(R", (2m)~"/%~*/2 dx). Since f, ue*’* + Qu.e™/* +
Qu(x,/2)e*/*and xQ € L*R", dx),i=1,...,n, the lemma follows.
Note that since |x|2 In|x| > — 1 for all x, we have

L 1P 1l f] |e=/2 dx < .
Rn
Since
2
L V1P miyllax < [ 1P mifl e ax + [ WP 5 dx
R" R" R”
and
Jo. w8 " dx < o,
we have also

S V19 tnlyl | dx < o
for all y € Q Dom(H). In particular, for ¢ = @ we have

f |22 In Q] dx < o.
Rl
LEMMA 5.3. There exists v, such that for ¢ = Qu, u € Dom(H),
2 2 l 2 2 )
Jo WPyl dx < [ (V4P dx+5 [ 4P axnl [ 47 ax

+n [ F ax. ©)
PrROOF. We have

f IV(!Pexz/‘)lz e~ */2 dx
R
x x>
= Ve dc+ [ V(e ax + [ 9P T ax

- [rvurac -2 [ wras+ [ P 5 o
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noting that fori = 1, ..., n, the equality
[ x(P)sde = ~ [ |4 dx
R" R"

is a straightforward integration by parts calculation similar to the one
described in §2. Hence substituting f = npe"J /4 into (8), we obtain (9) with
v, = (n/2)1 + 3 In 27).

LEMMA 5.4. There exists y, such that for all ¢ € @ Dom(H),
[ [(c = DIVYP + (cV + v, + In Q)[yf*] dx > 0. (10)
Rﬁ

ProOOF. We set
W=(V+mhQ-8)/(c-1).
Proposition 6.4 in [3] states that if f € L?(R", dx) for some p > 2, p > n/2,
then the form associated with f,

w9 = [ e dx

is a relatively small perturbation of the Dirichlet form 7, associated with the
selfadjoint operator —A on L%(R", dx). Theorem VI-(1.33) in [5] implies that
if a form ¢ is bounded from below and if a symmetric form ¢, is a relatively
small pertubation of #, then the form ¢ + ¢, is bounded from below. Thus,
setting f = W ~, we have ¢ + ¢, bounded from below, by, say, a.

We know that Q@ Dom(H) is contained in Dom(¢) since ¢ € @ Dom(H)
has weak first derivatives in L*R" dx). In addition, for ¢ = Qu, u €
Dom(H),

AR
-ﬁ— Q¢ dx < o0,

2 g 2
J ViwPdc= [ 1u
f | |.p|21nsz|dx=f luP |22 In Q] dx < oo
Rﬂ R”
so that & Dom(H) C Dom(¢,). Hence
LUVl + Wiy dx > (¢ + )W) + [ Wyl dc > af |yfdx
R R" R"

and the lemma follows with y, = — B — (¢ — 1)a.
Proor oF THEOREM 5.1. We can integrate by parts to obtain

[ V- Vpax= —av, o,
R

for all ¢, ¢ € & Dom(H). It should be noted that this integration by parts
does not necessarily follow with weaker smoothness conditions on .
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Now we have for ¥ € Dom(H), ¢ = Qu,
Jo VUl din = CHut g, = <5492 = [ (V4P + VIYF)dx.

Hence adding (9) and (10), we obtain

of IVuPdu=cf (VP + ViP)ax

> WPkl ax =3 [ WP axn{ [ 1vp ax)

+[ (n-n-n®) e
R
1
- 2 2 _1 2 2
[, 1P ol s+ [ Juf (@) =5 [ Juf a1 o)

—(n + 2du — 2 In Q dp.
o+ v [l de = [ 1uf 10 @ d

We note that all terms are finite. The inequality (7) follows with § = — (y,
+ 7v,). That H generates a hypercontractive semigroup follows from Theorem
4.5. Hence the proof of Theorem 5.1 is complete.

REMARK. It can be shown that for measures du = 2> dx on R!, where O
satisfies essentially the same decay conditions described in this section but
where @’ has a simple jump discontinuity, the associated selfadjoint operator
generates a hypercontractive semigroup. The only major difference in the
proof is that the operator inequality in Lemma 3.4 has to be replaced by a
form inequality which accounts for the discontinuity.

Also, measures can be exhibited on R! with support [0, 1] such that the
associated operator generates a hypercontractive semigroup. The decay con-
ditions are replaced by boundary conditions on € at 0 and 1. An example is
the measure dp = Q2 dx where (x) = (30)"/%x(1 — x) on [0, 1}, &(x) =0
otherwise.

REMARK. By placing more restrictive decay conditions on measures similar
to Eckmann’s, J. Rosen [10] obtained a class of measures for which the
corresponding semigroup of operators is supercontractive, ie. for 1 <p,
q < oo, ||e“"‘7||M < oo forallt > 0.

It seems reasonable to assume that by similarly restricting the measures
discussed in this paper, while retaining the weak differentiability conditions,
we could obtain a class of supercontractive semigroups.

We conclude with an example of a measure on R! such that the associated
operator generates an LP”-contractive semigroup which fails to be hyper-
contractive.

We remarked at the end of §2 that the operator H associated with the
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Dirichlet form for the measure dp = e~ 2l dx is essentially selfadjoint with
Dom(H) = {u € C'(R) such that u, «’ are bounded, u” € I = LR, dp)}.
By Theorem 3.5, H generates an L”-contractive semigroup. As mentioned in
the proof of Corollary 4.6, if H generates a hypercontractive semigroup, then
H is a Sobolev generator on [1, o). In particular, there exist constants ¢ > 0
and 6 such that for ¥ € Dom(H),

1
c{Hu, u) > L |u|? In|u| du — 3 L |u]? du ln(L |u)? dp.) + SL |uf? dp.

For ¢ € © Dom(H) with compact support away from the origin, this can be
written

c fR (VP + VIyP) dx > fR [y In|y| dx — fk [yf? In @ dx

—% _LI‘szxln(L |¢|2dx)+8fn|¢|24x, (11)

We fix a nonzero ¢ € C4°(0, 1) and define y,(x) = Y(x — n). Recalling
that ¥ = 1, we see that as n — oo, all terms of (11) remain fixed except

+1
—f |ybn|2ln52dx=fn [¢,]> x dx - 0 asn— co.
R n

Hence (11) cannot hold and H does not generate a hypercontractive semi-
group. Note that @ = e~ fails to satisfy condition (vii) of this section.
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